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Stability Robustness Margin Computation for Structured
Real-Parameter Perturbations

Evan Wedell,* C.-H. Chuang,t and Bong WieJ
University of Texas at Austin, Austin, Texas 78712

An efficient computational method is presented for stability robustness analysis with structured real-parame-
ter perturbations. A generic model of a class of uncertain dynamical systems is used as an example. The
parameter uncertainty is characterized by a real scalar perturbation variable. Multilinearity of the closed-loop
characteristic polynominal is exploited to permit application of the mapping theorem to calculate the stability
robustness margin. It is found that the stability boundary of the perturbation variable exhibits sensitive
geometry in the frequency domain, which renders problematic the task of minimizing this variable as a function
of frequency. This difficulty is avoided by calculating the minimum distance to the image of the uncertainty
domain over frequency as a function of the perturbation. It is also shown that a certain class of uncertain
dynamical systems has the required multilinearity property and is thus amenable to the proposed technique.

Nomenclature
Kg = overall loop gain
p = real pole
z = real zero
fp = complex pole damping ratio
fz = complex zero damping ratio
UP - complex pole frequency
o)z = complex zero frequency

I. Introduction

OVER the last 20 years, many advances have been made in
the area of robustness analysis and robust control, which

may include the mapping theorem,1 quantitative feedback the-
ory,2 the singular value concept,3 H°° theory,4 and Khari-
tonov's seminal result.5

Kharitonov's theorem provides a complete solution to the
interval polynomial problem. That is, stability can be deter-
mined by examining only four members of the set of all the
polynomials obtained by restricting coefficients to the extreme
points of their range of variations. This important result is
limited by an assumption of independent coefficient perturba-
tions in the characteristic polynomial, which introduces con-
servative stability bounds if the coefficients are, in fact, func-
tionally dependent.6 This limitation is partially overcome in
Ref. 7, which proves that, if the family of all such polynomials
is polytopic in the coefficient space, a necessary and sufficient
condition for stability of the entire family is stability of the
exposed edges. In Ref. 8, a calculation of the largest spherical
perturbation in the parameter space is developed for systems
where the polynomial coefficients are linear functions of the
uncertain parameters. For the case of multilinear dependence,
a domain-splitting algorithm is developed in Ref. 9. The tech-
nique is applied with a frequency sweep over the images of the
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parameter perturbations under the polynomial mapping in a
procedure based on the mapping theorem of Ref. 1. This
algorithm is extended in Ref. 10 to systems with polynomic
dependence of coefficients on parameters. Another version of
the domain-splitting algorithm is developed in Ref. 11 to avoid
the frequency sweep.

This paper is concerned with the calculation of a stability
robustness margin for a feedback control system with uncer-
tain parameters. A computational method is developed, which
exploits the mapping theorem of Ref. 1 in a manner similar to
Ref. 9 by taking advantage of the multilinearity of the closed-
loop characteristic polynomial, and an algorithm is developed
to measure the distance from the origin of the convex hull
formed by the perturbation image. This is an approximate
method that introduces conservative bounds on the uncer-
tainty domain. However, as shown later in this paper, these
bounds are nearly exact for a particular uncertain dynamical
system considered in this paper. Although the plant parame-
ters are expected to vary in arbitrary combinations, a hyper-
cube in the space of the plant parameters, centered at a nomi-
nal point, is assumed as the domain that allows proportional
parameter variation. The problem is then to find the stability
robustness margin associated with an arbitrary selection of
compensator variables. This entails finding the largest hyper-
cube that will fit within the existing, but unknown, region of
stability in the plant's parameter space.

One way to perform this calculation is to systematically test
points in the parameter space about the nomimal point. At
each location, the Routh-Hurwitz stability criteria can be
tested or eigenvalues can be explicitly checked. An advantage
of this method is that the actual uncertainty bound can be
determined without any restrictions on its geometric shape.
Unfortunately, excessive computation is required due to the
large number of points that must be examined in a multidi-
mensional parameter space.

Alternative procedures are available if the closed-loop char-
acteristic polynomial is multilinear in the uncertain parame-
ters. A polynomial is called multilinear if it can be expressed as
an affine relation in any variable while the other variables are
held constant. By applying frequency methods in a manner
analogous to the Nyquist stability concept, the mapping theo-
rem1 is used to identify a simple set of bounds at a given
frequency. These simple bounds can be used in conjunction
with a frequency sweep to ascertain the desired stability mar-
gin.9 The new approach for calculating the stability margin of
a nonlinear characteristic polynomial without sweeping in the
frequency domain, developed in Ref. 11, has recently been
brought to the authors' attention and will be explored in a
future work. It is not adopted here.
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The paper is organized as follows. A generic example is
defined in Sec. II, where the stability robustness problem is
formulated. Section III presents an algorithm employing a
boundary search in the space of the uncertain parameters. In
Sec. IV, the multilinearity property is discussed and the map-
ping theorem is reviewed. Section V develops a procedure to
determine the minimum distance from the origin to the nearest
outer edge of the convex hull formed by the perturbation
image at a fixed frequency. A frequency search method is
presented in Sec. VI. This approach is rendered problematic
by the appearance of sensitive geometry for the example of
this paper. Section VII introduces a new frequency search
approach that avoids this problem. In Sec. VIII, a compara-
tive sensitivity locus study is performed. Section IX discusses
the main results of the paper.

II. Problem Formulation
Consider a single-input, single-output control system, as

shown in Fig. 1. The plant, shown in Fig. 2, is an undamped
two-mass-spring model that is a generic representation of un-
certain dynamical systems, such as flexible space structures.12

The control input and sensor output are associated with differ-
ent bodies, which represents the noncollocated structural con-
trol problem. It is assumed that the mass and spring stiffness
parameters are uncertain with nominal values set to unity. The
system is described by the transfer function

(1)u(s)

as indicated in Fig. 2. The compensator is assumed to have the
following generic form:

Ke

[(s/p + 1)] I(s2/u2
p) + WpS/a,p) + 1] (2)

The uncertainty is defined by a cubic perturbation parame-
terized in terms of a scalar perturbation variable e as follows:

-e < k/k0

1-e < 1 + e

1 - e < m2/m2o < 1 + e (3)

where k0 - m\o- m2o = 1 are nominal values. If values are
assigned to the compensation variables Kg, z, p, wz, cop, f2, and
£p, the stability robustness margin es is defined as the largest e
corresponding to a cube within which all points yield stable

Reference

c<Dmpensator Plant

C(s) u
P(s) vW

Fig. 1 Single-input, single-output closed-loop system.

Measurementy

Control

A/V
• Re(«)

Fig. 2 Generic model of an uncertain dynamical system.

closed-loop systems. The problem is to compute es given a set
of Kg> z, p, u>z> up, fa and fp. A nonminimum phase compen-
sator,12 with Kg= 0.015, z=0.15, p = 10.0, fz, = -0.5,
fp = 0.5, and uz = up = 1.4142, is used here as an example.

The closed-loop characteristic polynomial of the system can
be found as

a6s (4)

where

= ~ +
mlm2

2fp

a2 = ( — + — - }mlm2 + ( — j )(mi +
\P Up/ \PUp/

— - m2)k

ml + m2)k + Kg(——
\z

+ Kg( -= + — - }k
\coj zuz/

a-j = Kgk

The coefficients af are symmetric with respect to the masses m\
and m2. Since m\o = m2o, it is only necessary to examine half
of the cubic perturbation to determine stability, that is, above
or below the plane with m\ - m29 as shown in Fig. 3. This
symmetric property is exploited to save computational time.

III. Boundary Search in Parameter Space
A direct approach to computing e involves a systematic

testing of parameter values in the neighborhood of the nomi-
nal point. At each location, stability can be determined by
checking the Routh-Hurwitz criteria or finding the zeros of the
characteristic polynomial A(&, m\, m2, s) in s. The search
entails selection of a grid with mesh size de. The stability
boundary is then bracketed by increasing e in increments of de
and testing grid points on the surface of the corresponding
cubes. Once an unstable point is detected, de is gradually
reduced and grid point testing proceeds to refine the cube size
e until an acceptable accurate value of es is obtained. An
algorithm to perform this task follows.

Redundant Region

i.o

mi = m2 Plane

Nominal Point

1.0

Fig. 3 Redundancy in perturbation due to m\ and m2 symmetry in
A(&, mi, /n2, 5), k out of page.
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1) Test nominal point for stability (e = 0). If not stable,
STOP. Set de.

2) Replace e with e + de.
3) Test points on surface of cube of size e with mesh de.
4) If an unstable point is found, go to step 5. Otherwise, go

to step 2 and repeat.
5) Replace e with e-de.
6) Replace de with be/2.
7) Test points on surface of cube of size e with mesh be.
8) If an unstable point is found, replace e with e - 2be and go

to step 7. Otherwise go to step 9.
9) Replace e with e + be.
10) Test points on surface of cube of size e with mesh be.
11) If an unstable point is found, go to step 5.
12) If be < a, STOP. Otherwise, go to step 6.

The quantity a is a small positive number used as a conver-
gence criterion. In step 7, it is not necessary to test all grid
points because this cube is tested previously in the algorithm at
twice the mesh size. In other words, if the grid points p on a
given face of the cube are indexed by integers / and j as

p = (1 ± e)£?i + (1 + ide)e2 + (1 +jbe)e3 (5)

where e\, e2, e3 are unit vectors in the directions of k, m^ and
m2. It is. not necessary to test points for which / andy are both
even since these points have already been tested.

The main drawback of this procedure is the computational
burden of testing a large number of points as de becomes small
or e becomes large. The number of points N that must be
tested on the surface of a hypercube of dimension n and size
e is given by

AT = 2"-3(n2-n )(2e/de - l(2e/de - 1) + 2" (6)

where 2n~3(n2 — n) is the number of faces, n2n~l the number
of edges, and 2n the number of corner points. For n = 3, this
reduces to

AT = 6(2e/de - I)2 + 12(2e/6e -1) + 8 (7)

Since A(fc m\, m2) is symmetric in m\ and m2, the number of
points that need to be tested becomes

N = 3(2e/de - I)2 + 8(2e/6e - 1) + 6 (8)

If e = 0.5 and de = 2~10 « 9.77 x 10~4, then N = 3,147,777
points must be examined for a value of e accurate to three
decimal places. Many cubes are tested in the iterative process,
which further compounds the computation. As can be seen
from Eq. (6), the amount of computation increases dramati-
cally with dimension.

This algorithm has been implemented in a computer pro-
gram that determines stability of a point by means of the
Routh-Hurwitz criteria. This program is written in Fortran 77
and requires over 1700 s on a CDC CYBER 170/750 to com-
pute the margin es = 0.338 for the example of this paper to an
accuracy of de = 2~12 « 1.22 x 10~4. This approach is consid-

erably slower than the frequency search method developed
later in this paper.

IV. Multilinearity and the Mapping Theorem
A polynomial d(m,s) is said to be multilinear in m =

[m\9...,mn]T if for any of the mf it is possible to write A(/n,s)
as A(/w,s) = ami + b where a andb are functions of m\, m2,...,
/w/_ i , mi+i,...,mn, and s. As can be seen in Eq. (4), the
closed-loop characteristic polynomial for the example of this
paper is multilinear in k, m\9 and m2. This multilinearity
property also holds for higher-order structural models. To see
this, consider a system of n masses connected by n - 1 springs,
as shown in Fig. 4. The equations of motion for this system
are given by

where

+ Kq=u

u = [ul9...,un]T

M = di

(9)

K = 0

0

-ki 0
i + k2 -k2
-k2 ' . .

0
0

kn - 2 + kn _ i — kn _ i

The transfer functions for each channel are then given by

A QJ N

det[Ms2 (10)

where / = 1,...,«,J = 1,...,«, and Ny is a cofactor ofMs2 + K.
For a mechanical system described by Eqs. (9) and (10), the

following theorem holds:
Theorem 1. 1) det[Ms2 + K] is a multilinear function of

the mi and the &/. 2) Ny are each multilinear functions of the
mj and the £/. 3) The closed-loop characteristic polynomial for
PIJ(S) with controller «/ = - C(s)qt is a multilinear function of
the /w, and kt.

The first part of the theorem can be seen by noticing that
square terms in £/ generated by the main diagonal terms in
det[Ms2 + K] are cancelled by products of the symmetric off-
diagonal elements. This result can be proved by induction on
n. The second assertion can be shown to follow from the first
by arranging the minors of [Ms2 + K] in terms of principal
minors. If any of these transfer functions are placed in a
feedback loop with compensator C(s) = Nc(s)/Dc(s),the re-
sulting closed-loop characteristic polynomial can be expressed
as

A( - , s) = NP( • , s)Nc(s) + DP( • , s)Dc(s) (11)

n-l

A/V m2 A/V • • • W

Fig. 4 Multi-degree-of-freedom spring-mass system.
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where P(s) = NP(s)/DP(s). Since the numerator and denomi-
nator polynomials Nc and Dc of the compensator do not
depend on the parameters kt and mi9 multilinearity of NP and
Dp implies multilinearity of A. Multilinearity of the closed-
loop characteristic polynomial is required for application of
the frequency search approach of this paper. Hence, the previ-
ous important result indicated the potential for generalization
of the method to higher-order mechanical systems with uncer-
tain mass and stiffness matrices.

In the frequency-response approach, stability is tested by
investigation of they co-axis behavior of A(fc m\, m2, s). For a
given frequency co, the function A( • J co) maps an e perturba-
tion of k, mi, and m2 into a closed region of the cpmplex
plane. If A is multilinear in k, mi9 and m2, a useful character-
ization of this region can be obtained through the mapping
theorem of Ref . 1.

Theorem 2 (Mapping Theorem). For any co, the image of
an n -dimensional rectangular region within the parameter
space under the mapping A( • Jco) is contained in the convex
hull formed from the images of the n -dimensional rectangle's
vertices.

Convex hull designates the locus of points p obtained from
a finite set of points p\9p29 ••., Pi in the space (ft* as follpws:

X / > O a n d (12)

Consider the example illustrated in Fig. 5. A cube in the space
of the parameters is shown with vertices 1,2,..., 8. These ver-
tices are mapped to the points l',2',..., 8' on the A plane for
a given co. The solid lines connecting these points on the A
plane correspond to the cube's edges. The convex hull is the
four-sided polygon l',2',7',8'. The shaded area is the A-
plane image of the cube, which lies within the convex hull. In
general, this polygon constitutes a conservative boundary for
the A-plane image since the actual bound between some of the
exterior corner points may describe a concave parabolic curve
rather than a straight line, as illustrated in Fig. 5.

For the system considered in this paper, these curved
boundaries are absent. The polygon boundary is either exact,
or for some frequencies, the true boundary follows a straight
line that lies inside the polygon and corresponds to a mapped
edge of the cube. Two sample plots are shown in Figs. 6. In
this case, the convex hull of mapped corner points is a good
approximation to the actual boundary. Note that there are
only six distinct mapped corner points due to m\9 m2 symme-
try.

The absence of curved boundaries is a consequence of an-
other interesting property of the A-plane image. For fixed k,
perturbation in m^ and m2 maps to a line.

Theorem 3. The image of a plane parallel to the mi and m2
axes for arbitrary fixed k under the mapping A(fc, m\9 m2, yco)
defined by Eq. (4) with constant co is a line on the complex
plane. Any two such lines comprising the images of two planes
corresponding to two distinct values of k are parallel.

To see this, express the real and imaginary parts of A(
as follows:

x = Re(A) = - 03co4 - (13a)

k / 5

ImA

ReA

-0.0100 -0.0080 -0.0060 -0.0040 -0.0020 0.0000
REAL

a)

0.10 0.15
REAL

b)

Fig. 6 Sample plots of A-plane images of a cubic perturbation for
fixed w: a) e = 0.2, <o = 0.1; b) € = 0.6, w = 1.3.

y = Im(A) = - fl0co7 .+ a2co5 - a4co3 (13b)

Substituting in the expressions for the at from Eq. (4) and
rearranging terms yields the vector relation

p = m2) + d (14)

where/? = [xsy]T, and b,c,d are constant vectors with compo-
nents:

P<*p/

h ± 5 1b2=[ - + — Ico5 - ( — r )<*p UP/

co

Fig. 5 Parameter-space cube and its A-plane image for a fixed co.
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Examination of these coefficients reveals that the c = —kb/
a?2, and hence,

p = fib + d (15)

where \L = mim2-k(ml + w2)/o>2. Since Eq. (15) is linear in
the lumped parameter /*, the locus of points p comprising the
image of points (k, m\, m2) for fixed k must be a line. Further-
more, p is independent of A:, so that any two lines correspond-
ing to distinct values of this parameter must be parallel. This
result can be observed in Figs. 6.

The straight line character of the A-plane image's boundary
can be shown by first noting that the one-parameter family of
planes perpendicular to the k axis lying in the cube maps to a
family of parallel line segments. An endpoint of any such line
segment must lie on the image of an edge parallel to the k axis,
and multilinearity of A guarantees that any edge of the cube
maps to a straight line. A detailed proof is omitted.

V. Minimum Distance to the Convex Hull
In applying the mapping theorem to stability robustness

analysis, it is useful to establish a measure of the minimum
distance d from an edge of a polygon to the origin, and then
to determine the e at which d = 0. To this end, d is defined as
the minimum (Euclidean) length from the origin to the perime-
ter of the polygon, as shown in Figs. 7. In order to develop an
algorithm to calculate d, some preliminary problems must be
addressed.

A first step is to find d for a line segment, as indicated in
Fig. 8. An analytical expression can be obtained through
consideration of the constrained optimization problem given
below:

subject to

0 < X < 1

(16)

(17)

withp!,p2 given.
The solution to this problem is as follows. First, calculate

(18)

If X > 1 , then p3 = p2, and

If X < 0, then Pi=p\, and

Otherwise 0<X< 1, and

\x\y2-x2yl

(20)

(21)

y=im(A)

a) b) c)

Fig. 7 Minimum distance from the origin to a polygon.

P i ,
Findd

Fig. 8 Minimum distance to a line segment.

Fig. 9 Triangle with ordered vertices.

3 3

Fig. lOa Negative ordering. Fig. lOb Positive ordering.

a) b)

Fig. 11 Operation to determine zero encirclement: a) interior case; b)
exterior case.

Next, a technique is required to determine whether the
origin is encircled by the polygon (as in Fig. 7c). This is done
by first noting that the area of a triangle can be computed by
the formula13

A=2

x\ y\
x2 y2 (22)

where #/ and yf are the coordinates of the triangle's vertices, as
indicated in Fig. 9. This quantity is negative or positive de-
pending on whether the vertices are ordered clockwise or
counterclockwise (Figs. lOa and 1 Ob). Location of a vertex,
the third one, say, at the origin yields the relation

x\ y\ 1
x2 y2 1
0 0 1

(23)
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This relation is applied to determine encirclement of the origin
by partitioning the polygon into triangles joined at the origin,
ordering the vertices in a consistent manner, and calculating
the area of each triangle. For example, in Figs. 11, clockwise
ordering is employed in the computation of A (0,1,2),
A(0,2,3M(0,3,4), ..., .4(0,6,1) where

A(Q9iJ) = (24)

If the origin lies in the interior of the polygon, as depicted in
Fig. 9a, then all the areas will be negative

,1,2M(0,2,3), ..., ,4(0,6,1)<0 (25)

However, if the origin is outside the polygon, then some of the
areas will be positive. For example, in Fig. lib, we have

(26a)

(26b)A (0,3,4),^ (0,4,5M(0,5,6)<0

In summary, let 1,2,..., n denote consecutive vertices of a
convex planar polygon in a clockwise direction. Let 0 denote
the origin. If at least one of ,4(0,1,2), ,4(0,2,3), ...,
A(0,n- 1,/t), ,4(0,«,1), where ,4 (O,/,./) is defined by Eq. (24),
is positive, then the origin is not encircled by the polygon.
Note that the 1A may be omitted in actual computation of A
since it is the sign of A that is of importance here.

Another issue concerns the identification of boundary
points. Given a collection of points/?/, / = 1, ..., m in a plane,
which of these lie on the convex hull, that is, which comprise
the vertices of the (convex) polygon that bounds the collec-
tion? The problem is illustrated in Fig. 12a, in which the
dashed lines demark the boundary to be identified. The al-
gorithm used to perform this task is given below:

1) Input xi,ylf ..., xm,ym.
2) Find n such that

yn = min(yj)j = 1, ..., m

3) Exchange the settings of L\ and Ln.
4) Find n such that

4>Ln = max(4>Ly.)J = 2, ..., m

5) Exchange the settings of L2 and Ln.
6) Set / to 2.
7) Find w such that

oLL.Ln = max(aL/z/y.),y = / + I,/ + 2, ..., m,l

8) If it = 1, then output L, / and STOP.
9) Exchange the settings of Lj and Ln.
10) Replace /'with'/ + 1 and go to step 7.

The algorithm makes use of an index array L, which is initially
configured in ascending order. The angles ^Lj and otL.Lj are
defined in Figs. 12b and 12c, respectively. The procedure is to
find the lowest point of the collection and then to locate
successive boundary points in a clockwise direction. As an

example, consider the set of points p\, ..., p8 in Fig. 12a. In
this case, the initial setting of the index array is

L= (1,2,3,4,5,6,7,8)

In steps 2 and 3, the algorithm finds the point p4 with the
lowest value of y and exchanges the corresponding index L4
with that in the first position LI, to yield

L= (4,2,3,1,5,6,7,8)

Steps 4 and 5 calculate the orientation of $Lj of all the other
points about p4. The point p7 with the largest such angle is
identified as the next boundary point and its index L7 is
exchanged with L2 so that

L= (4,7,3,1,5,6,2,8)

A third boundary point p5 is determined in step 7 as the point
with the largest angle 0:7^ about p-/ measured counterclock-
wise from the line segment joining p7 and p4. The indices L5
and X3 are exchanged in step 9 to get

L = (4,7,5,1,3,6,2,8)

Steps 7-10 are repeated to identify the remaining boundary
points, resulting with the following indexing:

L =(4,7,5,8,3,6,2,1)

L= (4,7,5,8,3,6,2,1)

Hence, the convex hull is the polygon 4, 7, 5, 8, 3. Note that
in each iteration of step 7, calculation of ctL.L. is avoided for
previously identified boundary points, except PL,=P4» the
testing of which is required to terminate the loop.

The previous methods to compute the shortest distance to a
line segment, determine encirclement of the origin, and iden-
tify boundary points can be combined to find the shortest
distance d to the convex hull of points p\, ..., pm as follows:

1) Input xi9yi, ..., xm,ym.
2) Find n such that

yn =min(yj)J = 1, ...

3) Exchange the settings of L/ and Ln
4) Find n such that

m

<t>Ln = max(<t>Lj)J = 2, ..., m

5) Calculate D(L\9 Ln) and store the result in d.
6) Calculate A (09Li,Ln) and store the sign of the result in z.
7) Exchange the settings of L2 and Ln.
8) Set / to 2.
9) Find n such that

aL.Ln = max(oiL.L.)J = / + !,/ + 2, ..., m,l

10) Calculate D(LiA9 Ln) and store the result in d*.

P8

PLI

a) b) c)

Fig. 12 Determination of boundary points: a) example problem; b) geometry defining faf, c) geometry defining otLtLr
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11) If d* then replace d with d*
12) If z <0 then calculate A (0,L, _ {9Ln) and replace z with

sign of the result.
13) If n = 1 then replace d with the product z • d, output d

and STOP.
14) Exchange the settings of Lj and Ln.
15) Replace / with / + 1 and go to step 9.

The function A (0,/,y) is defined by Eq. (24) and D(iJ) desig-
nates computation of the distance from the origin to the line
segment joining pt = [JC/,^/]r and PJ = [xJfyj]T by means of
Eqs. (18-21). The output d is the minimum distance d* to each
line segment of the convex hull. The sign of d indicates encir-
clement of the origin deduced from the computation of A (0,
ij) for the boundary points with clockwise ordering, as de-
picted in Fig. 11. If d < 0, the origin lies inside the convex hull.

In implementing this algorithm on the computer, some com-
putational issues need to be addressed. First, if two boundary
points pi and pj are close together so that A x = xf —Xj and
Ay = yi -yj are smaller than the machine precision, Eq. (21)
should not be used to compute d*. Instead, use Eqs. (19) or
(20) depending on which yields a smaller d*. Another problem
occurs if two points PJ andp* are far from/?/ so that the angles
<t>j and <t>ic or a// and a% are indistinguishable. In this case,
compute the determinant:

A = xk

yt 1
(27)

If A >0, choose pk in steps 4 or 9 of the algorithm, otherwise
choose PJ.

VI. Frequency Search Method
According to the mapping theorem, the system is stable in a

cubic perturbation e if, overall o>, the mapping of the cube on
the A plane by the characteristic polynomial A( • ,yo>) does not
include the origin. An increase in e effects an expansion of this
A-plane region, which intersects the origin at e = eS9 the stabil-
ity robustness margin. For the case in which co is fixed, the
image of a parameterized cube is a family of polygons. An e
satisfying d(e,u>) = 0 yields a polygon intersecting the origin
for the given choice of u. The smallest such e overall co is es.

This suggests a method of finding es by minimizing e over co
subject to d(e,u>) = 0. At each w, the e satisfying the constraint
is found by means of a suitable numerical technique, bisection
in this case. Examination of a polar plot of the nominal
characteristic polynomial A(fc0, m\^ m2o, y'w) indicates a rea-
sonable range for the search to be 0 < co < a>max = 10, where
A(- ,yo>)5*0 for ojmax<w<oo.

Unfortunately, this procedure is hindered by numerical dif-
ficulties arising from a sensitive geometry of the fl?(e,co) < 0
region on the e,o> plane. A computer program employing this
method is unable to detect tf(e,o>) = 0 except at e = 1, even for
the smallest stepsize 6w = 0.001 rad/s. At this value of e, the
cubic perturbation includes the point k - m\ = m2 = 0. This
point lies outside the region of physically allowable k, m\, m2,
and it is unstable since the coefficients 0, of A(&, m\9 m2, s)
vanish in Eq. (4). Hence, e = 1 is an upper bound of possible
stability margin values. However, by the grid search in param-
eter space (cf. Sec. Ill), the margin is previously determined to
bee, =0.338.

To explain the discrepancy, it is possible to numerically
detect f/(e,o>) < a, where a is a small positive number, and,
thus, find admissible regions within which may lie the locus of
points such that flf(e,o>) < 0. A plot reveals a distinct reduction
in e about certain critical frequency bands. As <r-*0, the widths
of these regions shrink with respect to o> and become almost
impossible to detect for a < 1.0 x 10 ~20. Figure 13 shows sam-
ple */(e,o>) contours, which approach spike-like shapes as a is
reduced. It appears that the c?(e,co) < 0 points form very nar-
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Fig. 14 Sample plot of </(e,<o) for e = 0.32.

row bands and possibly one-dimensional curves along the
floor of these a valleys.

This particular characteristic of the example in this paper
will cause the approaches of Refs. 9 and 10 to fail. It is
difficult to find the critical o> at which the d(e,co) ̂  0 bands
may be situated by use of conventional search techniques. It
may be possible to use a recursive approach in which a is
systematically reduced. Valleys are located while a is relatively
large (on the order of 10~2, say) and an estimate of the
tf(e,co) < 0 region is refined as <r^0 until some adequate crite-
rion is met. This procedure has not been implemented. In-
stead, another approach is considered in which the order of
the search in e and w is reversed.

VII. Alternative Frequency Search Method
In this approach, the margin es is determined by finding the

largest e for which the minimum of cT(e,co) over co is positive.
This is equivalent to the previous method, but the d vs co
curves do not exhibit the sensitive behavior encountered ear-
lier. See Fig. 14 for a sample plot of d vs co. At each e, a
one-dimensional search is performed to find minimum values
of c/(e,aj). The golden ratio method is used to achieve conver-
gence for each minimum. Bisection is then used to find e = es
at which the minimum flf(e,co) is zero. At each e, more than one
minimum is present, and so the search algorithm is invoked
repeatedly to find all the extrema to determine which is the
global minimum. A Fortran program employing this method
calculates a value of e = 0.338 to nine-place accuracy on the
CDC CYBER in less than 20 s.

VIII. Discussion
The frequency search methods are considerably faster than

grid testing due to the reduction of an n -dimensional bound-
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ary search to a two-dimensional parameter optimization prob-
lem. The reduction in the dimension of the parameter varia-
tions simultaneously adds complexity to the problem in the
form of several local minimums, hence, the need for succes-
sive searches to make sure all the minimums are found and
compared. Locating the tf(e,o>) < 0 region turns out to be
problematic in numerical application. Minimizing e over co by
determining c?(e,o>) = 0 at each w is not possible for the exam-
ple of this paper because of the near singular geometry of the
c?(e,o>)<0 region on the e,o> plane. That is, the minimum e
appear in spikes that are not possible to locate by simple point
sampling methods.

Another approach is suggested by reversing the order in
which the two parameters are searched. In this case, d is
minimized over co for each e. The algorithm then seeks the
largest e at which minimum d is positive. This approach is
equivalent to that mentioned earlier. However, the d vs co
curves do not exhibit the sensitive geometry of the e 3
d(e,u>) = 0 vs o> curves. The minimum d can thus be found
using conventional methods. This approach has been imple-
mented and appears to work well. It is recommended that
more numerical examples be investigated to further under-
stand the difficulty encountered with the prior method.

The frequency search method is applicable to any plant with
a transfer function that is multilinear with respect to the
uncertain parameters in the numerator and denominator poly-
nomials. A certain class of dynamical systems, including flex-
ible space structures, has the multilinearity property. In this
paper, an analytical expression for the closed-loop characteris-
tic function is employed. This is by no means required in
practice as the characteristic polynomial can be calculated
from expressions for the loop transfer function numerator and
denominator by Eq. (11).

IX. Conclusions
A computationally efficient method has been presented for

the stability robustness analysis with structured real-parameter
uncertainty. Multilinearity of the closed-loop characteristic
polynomial was exploited to apply the mapping theorem. It
was also shown that a certain class of uncertain dynamical
systems such as flexible space structures possesses the multilin-
earity property and is thus amenable to the proposed tech-
nique.
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